The paper presents a method for reducing the order of the thermal dynamics model of a building or room, obtained by application of a lumped parameter method. The reduced model has the same dynamic characteristics as the primary model, while additionally it is an observable one. The described model order reduction method involves the identification and aggregation of non-distinguishable state variables. The paper presents a sample calculation confirming the validity of the deliberations. The proposed reduction method of state variables can be used with other dynamic systems provided that the assumptions concerning the structures of the system matrices are fulfilled. Practical application: The use of simplified but accurate mathematical models of the dynamics of heat in buildings enables the efficient design of high-performance control systems, e.g. the stabilisation of air temperature in the building. Simplified mathematical models also require less computing power and can be implemented in embedded control systems. This gives the ability to design, for example, distributed systems of predictive control, which requires mathematical models of controlled processes.
Introduction
The lumped parameter method helps to obtain simplified mathematical models of the thermal dynamics of buildings. Such models take the form of ordinary linear differential equations and can be used for the synthesis of control systems. It is the case that such models lack observability, which is a feature facilitating the construction of optimum controllers. A lack of observability is not a feature of the modelled object but a result of using the lumped parameter method. An appropriate transformation of the mathematical model can be used to restore observability and to reduce the complexity of a model with no loss of accuracy.
The optimal use of thermal energy in buildings has been studied in different science centres. On the one hand, there is the aim to provide the best living or working conditions within the AGH University of Science and Technology, Poland buildings, 1,2 but on the other, there is the constant pressure of fulfilling the objective with the least possible energy consumption and cost. The development of controllers meeting such requirements needs a precise mathematical model to be controlled. Unfortunately, the higher the accuracy of the mathematical models of thermal processes, even simplified ones, increases their complexity, which often makes the synthesis of control models impossible. This is why efforts are made to develop simplified mathematical models, which are precise enough but not so complex as to prevent the synthesis of control parameters.
The precise modelling of air temperature changes inside a building is not possible due to the complex nature of the occurring physical phenomena. A number of deterministic factors affect the temperature inside a room, e.g. an operating radiator, an open window, or the number of people inside. There are also non-deterministic factors at play, such as solar heat, temperature and wind power. 2, 3 Approximate mathematical models of temperature changes indoors are developed in practice, using certain simplifications. Such models have a much simpler structure of equations and the appropriately selected coefficients guarantee the accuracy of the calculations. Additionally, the human body is actually not able to detect fluctuations in the ambient temperature within the range of AE0:5 C. 4 The literature presents three methodologies (approaches) used for the modelling of the thermal dynamics of buildings. [5] [6] [7] An impulse response method investigates the way a building responds to impulse function and uses it to determine the building's model parameters. 8 The method is not very precise and has not been commonly used to model the thermal dynamics of a building. Another applied method is the finite difference method. 9 The Fourier conduction equation is solved in an approximate way in this method. It is very precise, especially for complex buildings, but its drawback is the large number of calculations required. 6, 10 The lumped parameter method is the last among the enumerated methods for obtaining the thermal dynamics models of buildings. The lumped parameter method assumes that the physical parameters of the components of buildings are represented by constants whose values do not depend on other parameters, e.g. space variables or time. The mean temperature value in a selected component of a building or room is modelled. Heat flow from one space to another, separated with a partition, can be then modelled using an equivalent electrical RC system -see Figure 1 . The system consists of only two kinds of elements: resistors and capacitors. Each structural component of the building is represented in the electrical system by ''concentrated'' resistance (which corresponds to thermal resistance) and capacity (which corresponds to thermal capacity). Voltages in relevant points of the electrical circuit are interpreted as temperatures, while currents are interpreted as heat streams. 10 Attempts are also made to develop thermal dynamics models of buildings using fractional order derivatives. 11, 12, 13 These model types have a form of differential equations but the values of the derivatives in the equations do not have to be integers (e.g. 0.5).
Following the application of the lumped parameters method to model the thermal dynamics of a building's indoor temperature, it may turn out that the obtained model loses a characteristic important from the control point of view, i.e. its observability. Observability allows reproducing the values of a model's state variables, which makes the control system of such a structure much more precise and efficient. Observability is lost as a result of some state variables in a model becoming non-distinguishable. It turns out, however, that observability can be restored by reducing a model's order without deteriorating the accuracy of the modified model. Problems occurring in RC models include a rapid increase in the number of variables when the thermal dynamics of buildings are modelled for buildings with more than one room or heat dynamics of structural components using differential equations of higher orders. In such cases, it is possible to reduce complex models to simpler ones while maintaining the highest accuracy possible. The reduction methods of complex models can be divided into three groups: polynomial reduction methods, optimisation approaches and state space transformation-based techniques. The polynomial reduction method is used to find a transfer function of a lower order than the model but with parameters selected in such a way that the response of the reduced model should be as similar to the original one as possible. 14 The optimisation approaches minimise a quality indicator which measures the size of an error between the reduced and original model. Such approaches are used in the domain of time and the end results depend on the quality indicator selection method. 6 The last method of model order reduction, the state space transformation-based technique, involves a transformation of model equations, whereby the reduced model has the same properties (stability, controllability, observability, etc.) as the original. 6 The paper first briefly describes the lumped parameter method and then presents evidence that the determinant for selected matrix structures equals to zero. Subsequent sections present methods of using the proven proposition to reduce the orders of models of the thermal dynamics of buildings. The paper also contains simulation results of the presented solutions, as well as conclusions.
Lumped parameter thermal models of buildings
A model of the thermal dynamics of a building should be as precise as possible and not complex in terms of calculations. The application of the lumped parameter method can be divided into two categories: the modelling of thermal dynamics of a building's structural components 6, 15 and the modelling of the thermal dynamics of rooms and entire buildings. 16, 17 One of the first applications of the lumped parameter method was described in Lorenz and Masy. 18 The described building model uses two resistors and one capacity for modelling the thermal dynamics of components. Crabb et al. 16 use the lumped parameter method for modelling a whole room. All structural components of a room, such as walls, floors and ceilings, are modelled using two resistors and a capacitor. Additionally, the thermal dynamics of indoor air are modelled, while the additional resistor models heat losses, e.g., through windows and doors. A model obtained this way consists of two differential equations with five parameters. The authors in literature 19, 20 describe models of the thermal dynamics of rooms obtained based on the lumped parameter method. Every structural component of a room is modelled with one first-order differential equation. A complete thermal dynamics model of a room is a 6th order model (a system of six ordinary linear differential equations). Other studies 15, [21] [22] [23] present the thermal dynamics models of rooms or buildings in which the thermal dynamics of individual structural components are modelled with models obtained by using lumped parameter methods of different degrees of complexity. Further, Gouda et al. 6 present a method for improving the accuracy of models obtained with the use of a lumped parameter method by the non-linear optimisation of the model parameters. The lumped parameter method is used to model the thermal dynamics of a partition (e.g. wall) composed of many layers of different materials. The paper reveals that the second-order models of the thermal dynamics of building components are good enough for practical applications given appropriately selected parameters. The further increasing of such models does not significantly improve accuracy. Underwood 24 reveals that for partitions made out of several layers of different materials (e.g. external walls of a building), precise thermal dynamics models can be obtained using the second-order models from the lumped parameter method.
The paper assumes that the thermal dynamics of the structural components of a room are modelled with one linear first-order differential equation. Despite the fact that simpler models are far less precise, they are used because they allow an easier synthesis of the control system. An appropriately selected control system is able to control correctly a structure whose actual model is much more complex. A simple and intuitive way of obtaining the thermal dynamics model of rooms with different computational complexity and accuracy is an advantage of the lumped parameter method.
The lumped parameter method does not involve the modelling of changes of temperature in a space but only the phenomenon of heat exchange between different components and the environment. The temperature of a component is analysed as the temperature in one point. In such a case, all space parameters can be considered as certain lumped parameters, as the space variable disappears. 25 The method can be used when the heat transfer coefficient on a component's surface is much lower than the heat conduction coefficient inside the component. 26 The condition is now met for the majority of structural components used nowadays for constructing different kinds of buildings. Figure 1 presents a substitute diagram of heat exchange between two rooms separated with a partition. Parameters occurring in the substitute diagram are as follows: R out and R in -thermal resistance of component, C -heat capacity of component, T o , T i -outdoor and indoor temperature respectively, and T modelled temperature. The diagram presented in Figure 1 is identical to the RC electrical circuit. The thermal capacity of a component is interpreted as the capacity of a capacitor, thermal resistance as resistance, while voltages in the electrical circuit are interpreted as temperatures. The temperature T inside the partition is described by the following differential equation
where q is additional source of heat. By modelling the thermal dynamics of each structural component of a building, such as external and internal walls, floors and ceilings, a mathematical model of the thermal dynamics of rooms and entire buildings can be easily obtained.
Method -observability
Observability is among the essential and required characteristics of dynamic systems. A dynamic system can be described by the following system of equations
where
A dynamic system is observable, i.e. only based on measurements of uðtÞ and yðtÞ can we reconstruct the value of the xðtÞ state vector, if conditions are met 27, 28 rankðQÞ ¼ n ð4Þ
where the Q matrix is defined in the following way and is known as a system observability matrix
The observability of dynamic systems is desirable, as knowing the xðtÞ vector state at any time, advanced control algorithms can be constructed. Theorem 1. A dynamic system described by equations (2) and (3) with the m ¼ 1 parameter is given. The A and C matrices of the dynamic system have the following structure 
Długosz
If in the A matrix there are a ii components with equal values, i.e. a ii ¼ a kk for i 6 ¼ k, then
where w is number of a ii components whose values are identical.
Proof. We will identify the first few lines of the Q matrix taking the Q i marking, where i is the i-th line. 
the Q 3 matrix can be expressed as T Taking the following marking, for i ¼ 1, . . . , n À 1
the Q 4 matrix can be expressed as
Comparing subsequent lines of the Q matrix from k ¼ 3, . . . , n indexes, their regularity can be observed and a recurring formula for subsequent lines can be given, having the following form Finally, the Q observability matrix has the following form
. . 
It can be now observed that if two more elements along the A main matrix diagonal equal to, for example, a 11 ¼ a 22 , then
Then, the Q (18) observability matrix has the following form 
In the Q (20) observability matrix, linearly dependent vectors appear, which results in the matrix determinant equalling to 0. Consequently, the Q (20) matrix order is lower than n À matrix dimensions.
Results -model order reduction
Let us now consider the thermal dynamics model of a single room, described in Gouda et al. 19 as a system of differential equations
where C i is heat capacity of air and components JK À1 Â Ã ; Q g is casual heat gains to space (room) W ½ (casual heat gains to space); Q p is heat system power W ½ ; U i,j is transmittance of structural components (geometrical dimensions of the component, also including structural components) WK
is temperatures of components, indoor and outdoor air (K)
The model was obtained by application of the lumped parameter method and can be presented as an electrical RC system analogous to the one presented in Figure 2 . Heat transmittance in the diagram is generated by resistors, thermal capacities by capacitors and heat sources by current sources. The modelled room is composed of two external partitions, equations (21) and (22), two internal partitions (equations (23) and (24)), floor (equation (25) ) and ceiling (equation (26)). Equations (21) to (26) can be presented as a system of differential equation (2) , where relevant matrixes A have the structure of equation (6) . Equation (27) is the output equation (3) with matrix C. Let us consider equations (23) and (24) , describing the dynamics of temperature changes in the internal walls. It turns out that if the partition parameters (internal walls in this case) have the same physical parameters as specific heat c and specific thermal transmittance u, then the coefficients at the T 3 and T 4 variables are the same because
where is density of the partition material (kg/m 3 ), A i is area of the i-th partition (m 2 ), d is partition thickness (m), c is specific heat of the partition (J/(kgK)), u is specific thermal transmittance (W/(m 2 K)) and the following are true
Consequently, the same values occur on the main diagonal in the A system matrix, which leads to the occurrence of linearly dependent columns in the observability matrix
Based on theorem 1, the Q observability matrix order is lower than the n system order, which means that the system is not observable. In the analysed case of a thermal dynamics model of a building, two coordinates of the xðtÞ state vector are non-distinguishable, which leads to a loss of observability. T o Figure 2 . Equivalent electrical model of a room.
Let us consider equations (23) and (24) . Let us multiply both sides of the equations by coefficients U 3, 1 and U 4, 1 respectively, to obtain
Adding equations (30) and (31), and applying fact (28) 
Let us define a new variable
Then, equation (32) can be presented as
Considering the above-mentioned transformation, equation (27) will have the following form
The same simplification can be made for equations (25) and (26) because the modelled venue is a flat in a multi-family building and it can be assumed that the physical parameters of the ceiling and floor are identical.
Adding equations (36) and (37), and using (28) in reference to specific partitions, we obtain the following
Then, equation (38) can be expressed as
Considering the transformations above, the temperature change dynamics equation T i will have the following form
Finally, the T i temperature change modelling equations can be presented as
Using the equations given above, one should remember the appropriate selection of the initial point based on equations (33) and (40).
Example
A room has the following dimensions: 5 m Â 3 m Â 2.5 m. The room has two external walls, two internal walls, a floor and a ceiling. Using the lumped parameter method, we obtain a thermal dynamics model of the room as six ordinary differential equations. Let us assume that the internal walls have the same physical characteristics. Similarly, let us assume that the floor and ceiling of the modelled room have the same physical characteristics (they are built of the same materials). The A matrix of the system has the form given by equation (50) (see Appendix 1) .
It can be observed that in matrix (50), the same values appear along the main diagonal for components for which we assumed that their physical characteristics are the same (internal partitions, floor and ceiling). Applying the reduction algorithm of the xðtÞ vector state variables, we get a model consisting of only four differential equations with the A 0 matrix of the system given by equation (51) (see Appendix 1). Figure 3 presents a step response of the original model given by equation (27) and the reduced model given by equation (43).
Validation reduction model
It is not easy to compare dynamic systems. Two dynamic systems with identical responses to the same input signal can operate in a completely different way in a closed control system. The validation of a correct model can be performed in two ways: experimentally or using analytical methods.
The reduced model given by equations (43) was computed based on model (27) . The original model (27) was described in Gouda et al., 19 and this model was also verified by a real experiment. All operations performed to obtain a reduced model are symbolic transformations and no elements of the original model are omitted. Consequently, the reduced model, if it is correctly defined, works in the same way as the original model, which can be observed by comparing the step response of models in Figure 3 .
Another way to check that two models are similar is to compare their frequency characteristics. If the thermal dynamics model of a room with the A 0 state matrix has the same properties as a model with the A matrix, then their Bode's and Nyquist's characteristics should be identical. Figures 4 and 5 present the Bode's and Nyquist's characteristics of the analysed dynamic models of a building. The characteristics for both models overlap completely.
One of the analytical methods that can be used to compare both models is the use of properly constructed metrics. Various metrics are used to determine the similarity of operation of different dynamic systems. Among them is the Vinnicombe metric defined as 27, 29 
where P 1 i P 2 is transmittance of the compared dynamic systems and 0 d ðP 1 , P 2 Þ 1. The d ðP 1 , P 2 Þ number can be interpreted as showing the difference between two dynamic systems of transmittance given as P 1 and P 2 . The closer to zero the values of d ðP 1 and P 2 Þ are, the more similar to one another the compared dynamic systems. For the thermal dynamics models of the described room, the value of the Vinnicombe metric is
Such a low value of d ðP 1 , P 2 Þ confirms that the P 1 and P 2 systems have the same dynamic characteristics.
Application
Let us assume that the control system must change the air temperature of the space of the previous example 5.1 from the starting value of 18 C, to 23 C C. Let us assume that the outside temperatures are:
The reduced model of such a room is given by equation (43). The block diagram of the control system is presented in Figure 6 . Such a control system is based on a structure with two degrees of freedom, which contains a feedback controller (u fb ) and Step response of the original and reduced models.
feedforward controller (u ff ). 27 The control system 6 consists also of a trajectory generator, a state feedback controller and a state observer. The trajectory generation subsystem, based on equations of the reduced model (equation (43) where matrix K is given as and matrix S is the solution to the algebraic Riccati equation
By selecting the values of matrices Q and R, it can be decided how values of the state space vector x should be stabilised. The LQR controller needs to know the value of the entire state vector xðtÞ for its correct operation, which explains the need for an observer, as the direct measurement of all values of state vector xðtÞ is impossible. The control system uses the full state of the Luenberger observer which can be computed only for dynamic systems that fulfil the observability condition (4). The original model does not fulfil the observability condition, contrary to the reduced model (equation (43)). Figure 7 presents the control signal u(t) generated by the LQR controller (equation (47)) on the upper plot, and on the bottom plot the temperature of indoor air T i . It can be observed that the control goal was achieved, and after 600 s the air temperature T i raised from the value of 18 C to 23 C. The use of discrete control LQR (the discretisation time t d ¼ 60 (s) is used) causes the control signal to change only at certain time intervals. In applied solutions in home automation systems, this is a desirable behaviour because devices like thermostatic valves are powered by batteries and each change of the position of the valve reduces operation time, especially in wireless home automation systems.
Conclusions
The paper presented a method for reducing the order of thermal dynamics models of buildings obtained after the application of the lumped parameter method. This is an easy and quick way to obtain models of the thermal dynamics of buildings by performing specific operations. Unfortunately, it may transpire that models obtained this way lack one of the basic characteristics of dynamic systems -observability, which allows for the construction of effective control algorithms.
The paper has shown that a lack of controllability is not a feature of a model (there are non-observable dynamic systems) but a result of the application of the lumped parameter method. Modifying the primary model, a model of the thermal dynamics of a building or room can be obtained, whose order is lower and which has the observability feature. The new model has the same dynamic characteristics as the original one. Model order reduction is possible because redundant state variables, which are non-distinguishable, are aggregated to one state variable. Theoretical deliberations of the described method were confirmed with a practical calculation example.
The paper has also presented an applied example of the use of the reduced model in a home automation system. The reduced model fulfils the observability condition, and it is possible to compute state estimates and use the state controller. As the reduced model fulfils the observability condition, it is possible to compute the state observer and use the state controller, e.g. LQR.
Finally, it should be highlighted that the presented method of model order reduction by aggregation of non-distinguishable states can be applied to any type of dynamic model on condition that the assumptions of the theorem 1 concerning the structure of the system matrix A and output matrix C are met. Where the proposed method of reduction of model order is used for residential buildings, only these state variables will be aggregated as they model the thermal dynamics of partitions with the same physical parameters.
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